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Abstract 

The aim of this paper is to give a new approach to modified g-Bernstein polynomials for 
functions of several variables. By using these polynomials, recurrence formulas and some 
new interesting identities related to the second Stirling numbers and generalized Bernoulli 
polynomials are derived. Moreover, the generating function and interpolation function of 
these polynomials of several variables and also the derivatives of these polynomials and their 
generating function are given. 
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1. Introduction, Definitions and Notations 

In approximation theory, the Bernstein polynomials, named after their creater S. N. Bern- 
stein in 1912, have been studied by many researchers for a long time. But no one knew 
anything about the generating function of these polynomials until recently Simsek and Acik- 
goz constructed a generating function of (g-) Bernstein type polynomials based on the q- 
analysis, [13], and gave some new relations related to these polynomials, Hermite polynomi- 
als, Bernoulli polynomials of higher order and the second kind Stirling numbers. Interpola- 
tion function of {q-) Bernstein type polynomials is defined by applying Mellin transformation 
to this generating function. They gave some relations and identities on these polynomials. 
Later then, the Acikgoz and Araci constructed the generating function for classical Bern- 
stein polynomials, and for Bernstein polynomials for functions of two variables and gave their 
properties (see [1], [2], [3], and [15] for details). Recently, T. Kim, J. Choi and Y. H. Kim 
have studied on the A;- dimensional generalization of g-Bernstein polynomials, in which they 
have given some interesting properties of the fc-dimensional generalization of g-Bernstein 



polynomials (for details, see[8j). Our generalization of g-Bernstein polynomials are differ- 
ent from the fc-dimensional generalization of g-Bernstein polynomials of T. Kim, J. Choi 
and Y. H. Kim. In the present paper, we also derived some interesting properties of our 
generalization of g-Bernstein polynomials. 

Now, we are ready to give some definitions and some properties of Bernstein polynomials 
of several variables with their generating function. 

Let C\DxDx...xD \ denotes the set of continuous functions oiiDxDx...xD = 



V 

w— times 



V 

w— times 
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where B, 



ni,n2,--- ,ni 



(/; xi, X2, • ■ ■ ,Xw) is called the Bernstein operator of several variables of 

w 

order ^^'i-i for /. For ki,ni G Nq with i = 1,2, ..w, the Bernstein polynomials of several 

i=l 

w 

variables of degree rii is defined by 



i=l 

n(n— l)---(7i— fe+1) 



n 

i=l 



1.21 



where (^) = "^''"fci" Xi E D ioi i = l,2,...,w. These polynomials satisfy the 

relation 



ki,k2,--- ,kw\nx,n2, 



I Xi 



1=1 



and they have form a partition of unity; that is 

ni n2 riu, 

^ ^ ^ ^ ■ ■ ■ ^ ^ -Bfci,fc2, -- ,fcm;ni,n2,--- ("^l' "^2) ■ ■ ■ 5 Xw) = 1- 
fci=0fc2=0 k^=0 

By using the definition of Bernstein polynomials for functions of several variables, it is not 
difficult to prove the property given above as 

ni n2 riw w 

fci =0^2=0 fcu,=0 i=l 

Also, -Bfci,fc2, -,fc»;ni,"2,-,n» {xi,X2, ■ ■ ■ , Xu,) = ^ ioi h > Hi with 2 = 1,2, ...,w, because (^^') = 
0. There are JJ^ (n^ + 1) , ^^rij-th degree Bernstein polynomials. 



1=1 



i=l 



3 



Many researchers have studied the Bernstein polynomials of two variables in approxima- 
tion theory (see [5], [B]). But nothing was known about the generating function of these 
polynomials. Note that for ki,ni G Nq and Xi & D with i = l,2,...,w, we obtain the 
generating function for Bk^,k2,- ,k^;ni,n2,- (a^i, Xg, ■ • ■ , x^) as follows: 



oo oo 



where 



for A;^ G Mo and Xi G -D, for, i = 1,2, ...,w. 



1=1 

, if n, < ki 



Remark 1. By substituting w = 1 into M.3\} . we get a special case of Fk^^k2,- - it] xi,X2, ■ ■ ■ , Xw) 
which was proved by Acikgoz and Araci (for details, see 

Fk, {t,xi) = = > (xi) —. 

/ciie'^i nil 

ni=ki 

Let < g < 1. Define the g- number of x by [x]q := and [xj.g := ^—j^^, (see [4], 

[7], [8], [9], [10], [12], [13], [14], [15], for details and related facts). Note that lim[x]„ = x. 

[7\ is actually motivated the authors to write this paper and they have extended all results 
given in [7] to modified g-Bernstein polynomials of several variables. 

2. The Modified g-BERNSxEiN Polynomials for Functions of Several 

Variables 

For < g < 1, consider 

k ™ 



i=l 

oo oo 



ni=A:i n2=k2 nw=kw *=1 

where rij G No and Xi G D for i = 1,2, ...,w. We note that 
limFfci,fc2,...,fcii, (^) 9; 



nA 



Definition 1. We define the generating function of modified q-Bernstein polynomials for 
functions of several variables as follows: 



(2.1) 



i=l 
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i=l 



ni=A:i n2=k2 n^=k^ ' ' 



where ki, Ui G No and Xi E D with i = 1,2, ...,w. 

w 

By using the taylor expansion of e and tlie comparing coefficients on the both 

sides in fl2.ip . we simply get the following Corollary 1: 

Corollary 1. For k^, rii G Nq and Xi E D for i = 1,2, ...,w; 

w 

n O - ^^]^'"'^ ' if n,> h for I G [1,H 

, if rii < ki for i G [l,w] 



i=l 



(2.2) 



Theorem 1. (Recurrence Formula for Bk^^k2, ,k^,ni,n2, {xi,X2,--- , Xy,; q)) For ki,ni G 

No, Xi G D, and i = 1,2, ...,w, we have 

w 

,k2,--- ,km;ni,n2,--- 

[Xi q) = Yli^ - Xi]Bk^.n,-i {xi, q) + [xi]Bk^_i.n,_i {xi; q) . 

(2.3) 



i=l 



Proof. By using the definition of Bernstein polynomials for functions of several variables, we 
have 



5, 



ki,k2,--- ,k^ ;ni,n2,--- ,nu, (-^l , -^2 , ' ' ' , -^jj 



«) = n 



1=1 

w 



Hi — l\ ^ /Ui — 1 

ki I \ki 1 



- Xi\Bk^.„.^^i (xi; q) + [xi]Bk^_i.n,-i {xu o) ■ 



i=l 



This is the desired result. 



□ 



Remark 2. By setting w = 1 and q 1 into \2.^) . we get the familiar identity B^^ ni {xi] 
for as follows: 

Bki,m (xi) = (1 - Xi) Bk^^m (xi) + XiBk^^m (xi) . 

(see pP, m)- 



Theorem 2. For ki, rii G No and Xi ^ D for i = 1,2, ...,w , we have 

Bki,k2,--- ,ku,\ni,n2,--- i^li ' ' ' i^wiQ) (2-4) 

Remark 3. By substituting w = 1 into Iji2.4\ ), we get the well-known identity as follows: 

Bni~ki,ni (1 — 2:1) = Bkj^^m (xi) . 

(see W- 

Definition 2. Let f be a continuous function of several variables on D x D x ... x D^ . Then 

w— times 

w 

the modified q-Bernstein operator of order Ui for f is defined by 

1=1 

Bni,?i2r-- if '■ ^li ^2, ■ ■ ■ , Xw', q) (2-5) 
ni n2 nw / k k k \ 

~ / J / J ' ' ' / J f \ ' ' ' ' ' ' I Bki,k2,- - ,fcu,;ni,7i2,--- {xi, Xi, - ■ ■ , X^, q) 

fci=0fc2=0 kw=^ \ i z w/ 

where Xi E D, rii E N. 



When we set / ( ^, ■ ■ • , ) = 1 into fl23|) . we easily see that, 



( ki_ k2_ 




y 711 ' n2 ' ' 




Bjii ,n2,--- 


(1 • ^ 


ni n2 


nw 


= EE 




fci=0/c2=0 





(2.6) 



From the definition binomial theorem and (12. 6p . we get the following Corollary 2 for 
modified g-Bernstein polynomials for functions of several variables: 

Corollary 2. For any ki, ui G Nq and Xj G -D for i = 1,2, w, we have 

w 

Bni,n2,- ,n^{^ ■ Xl,X2, - ■ ■ , X^] g) = JJ (1 + (1 - [Xi]g[l - Xjjg)"' , (2.7) 

i=l 

we easily see for limB„^ „2 ... „^ (1 : xi, X2, • ■ ■ , x^; ) = 1. This is partition of unity for modi- 

fied Bernstein polynomials for functions of several variables. 

Theorem 3. For G C, Xj G D, and for Uj G N, with j = 1, 2, w, we have 

Bk,,k2,-,k^;nun2,-,n^ixi,X2,--- , x^; q) = -(^^^ /"'/ ri'^^'^^'''^ (^i'-^i) 7^ (2-8) 

w-times 

where ^ 

F« {x,t) = MiLe*[i-^l^ (see [H], m) 
and C is a circle around the origin and integration is in the positive direction. 



Proof. By using the definition of tlie modified g-Bernstein polynomials of several variables 
and the basic theory of complex analysis including Laurent series that 



//■•■/nFf''(.r,.f,)-:| 

c c c 



w-times 

OO CXD CO 



^"'7+1 
?1 



h=0 h=0 lw=0 (J (J Q i=l 



n,+l 



fa.........;.) ' (2,9) 



By using fl2.9p . we obtain 



and 



to-times 

We also obtain from ([53]) and f ETTU]) that 



to-times 

Therefore we see from (12.91) and (12. lip that 



Thus, we complete the proof of theorem. □ 

Theorem 4. (The Derivative Formula for Bk^^k2,- ,k^;ni,n2,- ixi,X2, ■ ■ ■ ,x^;q)) For 
ki G N, G D, and for i = 1,2, ...,w, we have 

QW 

{Bki^k2,- - ,k-u,]n-i,n2,--- ,nw {-^1: -^^i ' ' ' i ^wj Q)) 



dxidx2 ■ ■ ■ dx^ 



dxidx2 ■ ■ ■ dxw \ \k> 



Proof. Using the definition of modified g-Bernstein polynomials for functions of several vari- 
ables, the proof follows. □ 

Therefore, we can write the modified g-Bernstein polynomials for functions of several 
variables as a linear combination of polynomials of higher order as follows: 

Theorem 5. For ki, rii G Nq, Xi G D, and for i = 1,2, ...,w,we have 

TT-i /Cj + 1 \ [Xi]q 



n 

i=l >- 



ki J [1 X, 



Proof. Using the definition of modified g-Bernstein polynomials for functions of several vari- 
ables and the property (12. 2p . the proof follows. □ 

Theorem 6. Ifni,ki G No and Xi E D with i = 1,2, ...,w, we have 

-Bki,k2,--- ,kw\nx,n2,--- ,nn, (-^l t ' ' ' i Xyj, q) 



EE-En : 



Proof. From the definition of modified g-Bernstein polynomials of several variables and bi- 
nomial theorem with Hi, ki & No and Xi G D for i = 1,2, ...,w, we have 



Bki,k2,--- ,kin;ni,n2,--- ,nyj {^Xi,X2, ■ ■ ■ ,Xw,lj) — f ^ j [1 

i=l ^ 



1 ki r "I Tii ki 



ni 712 riw w / ^ ^ J 



EE--En( ;■)(;•) 

h=ki l2=k2 lw=kw «=1 



This is the desired result. □ 
Theorem 7. For rii, U G No and Xi G D, with i = 1,2, ...,w, we have 



n 



•^i\q 



w ^ n\ n2 w /ki\ 

= IIt — E E •■■ E nTSy^''*'-'-™--"-*"-"^'- 

2=1 f [1 — + ] ki=m-lk2=m~l kn,=m-l i=l \m) 

Proof. We easily see from the property of the modified q'-Bernstein polynomials of several 
variables that 



ni n2 Unj w 



~ ~ k- n —1 

J2J2'"Y1 Yl-^Bk^,k2,-,k^;ni,n2,-,n^ {Xl,X2,--- , X^] q) = Y[[Xi]g ([Xi]g+[1-Xi] 
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and that 



ni n2 Tin, w (ki 



1 i=l \2) 



fcl = l ^2 = 1 

2 

71—2 



Continuing this method, we have 

nwO = iit 

•■i-i I .=1 (^[1 - ij, + [liijj 

ki=m—lk2=m—l kyj=m-l i=l \rn) 

and after making some algebraic operations, we obtain the desired result. □ 

We have seen from the theorem given above, it is possible to write | linear 

combination of modified g-Bernstein polynomials of several variables by using the degree 
evaluation formulae and mathematical induction method. 

For G No, the Bernoulli polynomials of degree k are defined by 



X • ■ • X 



e* — 1/ Ve* — l/Ve* — 1/ Ve* 

O L—. C ^ "=° 

k— times 

and si') = Bi'^ (0) are called the n-th Bernoulli numbers of order k. It is well known that 
the second kind Stirling numbers are defined by ^, := 5" (n, A;) ^ for A; G N (see 

n=0 

[7] and [H]). By using the above relations we can give the following theorem: 
Theorem 8. For ki, rii, G No and Xi & D with i = 1,2, ...,w, we have 

Bk-i,k2,--- ,kyj;n\,n2,--- ,nvj (-^l) -^2) ' ' ' ) -^wi 
ni 712 riw w y \ 

= E E ■ • • E UHi"i' ([1 - ^^],) S {n^ - h, h) . 

fcl=0fc2=0 kn,=Qi = l ^ *^ 



Proof. By using the generating function of modified g-Bernstein polynomials of several vari- 
ables, we have 



1=1 1=1 \ni=0 / \niu=0 



X 



^1=0 \i,„=o 
By using the Cauchy product for sums given above 

ni 712 Till, 10 y \ 

By comparing the last two relations, we have the desired result. □ 

Let A be the shift difference operator defined by A/ (x) = f {x + 1) — f (x). By using the 
mathematical induction method we have 

A"/(0) = |;(^)(-irV(^), (2.12) 

for n G N and using (12.121) in the generating function of second kind Stirling numbers, 



n=0 1=0 ^ ^ 



(2-13) 



„ k\ n\ 

n=0 

By comparing the coefficients on both sides, we have 

Sin,k) = ^. (2.14) 
For ni,ki G N, by using the equation (I2.14p . we obtain the relation 

ni 712 w / ^ ^ , _ ^fcign. 



■in 112 rtw w y \ 



ki=0k2=0 fc„=0 j=l 

which is the relation of the g-Bernstein polynomials of several variables in terms of Bernoulli 
polynomials of order k and second Stirling numbers with shift difference operator. 

Let (Eh) (x) = h{x + 1) he the shift operator. Then the g-difference operator is defined 

by 

n-l 

A-^ = l[{E-qU) (2.15) 

i=0 
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where / is the identity operator (see [7] ). 
For / G C[0, 1] and n G N, we have 



^^/(0) = E(^) (2.16) 



fc=0 

where (?) is the Gaussian binomial coefficient defined by 



n 



[n]g[n - l]g- ■ -[n - k + 1], 



Theorem 9. For Ui, li G Nq and Xi E D for i = 1,2, ...,w, we have 



(2.17) 



i=l i[l—Xi\^+[Xi]) ki=m-lk2=m-l fc„=m-l j=l Vm/ 



fci=0fc2=0 fc„=0 i=l ^ 



Proof. To prove this theorem, we let (t) be the generating function of the g-extension of 
the second kind Stirling numbers as follows: 



-('') ^ ^ 



1=0 ^ ^ g n=0 

From the above, we have 



S {n, k; q) 



where [k]q\ = [k]q[k — l]g ■ • • [2]q[l]g. It is easy to see that 



^ -A^O'^ (2.18) 



K = J2i^^Ht) [^]^'^(^'^;^) (2-19) 

fc=0 ^ ^ 9 



and in similar way that 



n[^4 =EE---E^-^ \{r^)M,\s{k,k,,q). 



(2.20) 

fei=0A;2=0 fc»=0 

Then, we obtain the desired result from f l2.19p and (12. 20 p . □ 



11 



3. Interpolation Function of Modified q-Bernstein Polynomials for 

Functions of Several Variables 

Definition 3. Let s G C and Xi 1 with i = 1,2, ...,w. We define interpolation function of 
the polynomials Bk^^k^,- ,k^;nun2,- {xi,X2,--- ,Xyj;q) as 



Dq {s, ki,k2 - ■ - k 



-1'- n „ 



ki w r Tfc. 



i=l 



Ell 

0=1 



(3.1: 



Remark 4. By substituting w = 1 into 113. we get 

D. 



is,k^) = {-l)'^^^{[l-x,]y 



where Dq {s, ki) is introduced by Simsek and Acikgoz cf. 

By using (13. ip . we have Dq (s, ki,k2 - ■ ■ k^; xi,X2 - ■ ■ Xw) —fD{s,ki,k2--- kw] xi,X2 ■ ■ ■ x^ 
as g — ^ 1 . Thus one has 



E 



D {s, ki, k2 - ■ ■k^;xi,X2 - ■ ■ x^) = (-1) TT TT ( ^ ~ 



(3.2) 



By substituting xj = 1 with i = 1,2, ...,w into the above, we have D {s,ki,k2 - ■ ■ k^ 



00. 



We now evaluate the i-th. s-derivative of D {s,ki,k2 ■ ■ ■ k^; xi,X2 - ■ ■ x^) as follows: 



(9* 

—D (s, ki,k2 - ■ ■k^;xi,X2 - ■ ■ x^) = log* 

OS* 



D {^S ,k\,k2 ' ' ' k^', , 3^2 ■■■ 3^10 ) 



(3.3) 

where xj 7^ 1 with i = 1,2, ...,w. 

Remark 5. By taking w = 1, q ^ 1 into ^3.^) . we arrive at the relation which was proved 
by Simsek and Acikgoz [1], 



ds 



jD (s, ki, xi) = \o, 



1 — Xi 
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